We present the results of a numerical search for periodic orbits of three equal masses moving in a plane under the influence of Newtonian gravity, with zero angular momentum. A topological method is used to classify periodic three-body orbits into families, which fall into four classes, with all three previously known families belonging to one class. The classes are defined by the orbits geometric and algebraic symmetries. In each class we present a few orbits initial conditions, 15 in all; 13 of these correspond to distinct orbits. After Bruns showed that there are 18 degrees-offreedom, but only 10 integrals-of-motion in the dynamics of three Newtonian bodies, late in the 19th century, Ref.
"higher" than the figure-8 one have been found in Newtonian gravity since then, however.
Here we report the results of our ongoing numerical search for periodic collisionless planar solutions with zero-angular-momentum in a two-parameter subspace of (the full four-dimensional space of) scaled zero-angular momentum initial conditions. This subspace is defined as that of collinear configurations with one body exactly in the middle between the other two, with vanishing angular momentum and vanishing time derivative of the hyperradius at the initial time. At first we found around 50 different regions containing candidates for periodic orbits, at return proximity of 10 −1 in the phase space, in this section of the initial conditions space. Then, we refined these initial conditions to the level of return proximity of less then < 10 −6 by using the gradient descent method. Here we present 15 solutions, which can be classified into 13 topologically distinct families. This is because two pairs of initial conditions specify only two independent solutions, as the respective members of the pairs are related by a simple rescaling of space and time. Before describing these orbits and their families we must specify the topological classification method more closely.
Montgomery [21] noticed the connection between the "fundamental group of a two sphere with three punctures," i.e., the "free group on two letters" (a, b), and the conjugacy classes of the "projective coloured or pure braid group" of three strands P B 3 . Graphically, this method amounts to classifying closed curves according to their topologies on a sphere with three punctures. A stereographic projection of this sphere onto a plane, using one of the punctures as the "north pole" effectively removes that puncture to infinity, and reduces the problem to one of classifying closed curves in a plane with two punctures. That leads to the aforementioned free group on two letters (a, b), where (for definiteness) a denotes a clockwise full turn around the right-hand-side puncture, and b denotes the counterclockwise full turn around the other puncture, see Ref. [18] . For better legibility we denote their inverses by capitalized letters
Each family of orbits is associated with the conjugacy class of a free group element. For example the conjugacy class of the free group element aB contains A(aB)a = Ba. To appreciate the utility of this classification one must first identify the two-sphere with three punctures with the shape-space sphere and the three two-body collision points with the punctures.
With two three-body Jacobi relative coordinate vec-
, there are three independent scalar three-body variables, i.e., ρ · λ, ρ 2 , and λ 2 . Thus the "internal configuration space" of the planar three-body problem is three-dimensional. The hyper-radius R = ρ 2 + λ 2 defines the overall size of the system and removes one of the three linear combinations of scalar variables. Thus, one may relate the three scalars to a (unit) hyperspace three-vectorn with the Cartesian components n
The domain of these three-body variables is a sphere with unit radius [22] , see Ref. [18] and Fig. 1(a) . The equatorial circle corresponds to collinear configurations (degenerate triangles) and the three points on it correspond to the two-body collisions (these are Montgomery's "punctures").
If one disallows collisions in a periodic orbit, then the orbit's trajectory on the sphere cannot be continuously stretched over any one of these three punctures, and the orbit's characteristic conjugacy class is thereby fixed; in this sense the topology characterizes the orbit. Thus, periodic solutions belonging to a single collisionless family are topologically equivalent closed curves on the shapespace sphere with three punctures in it. For example, the three previously known families of orbits in shape space are shown in Ref. [18] .
One may divide the orbits into two types according to their symmetries in the shape space: (I) those with reflection symmetries about two orthogonal axes -the equator and the zeroth meridian passing through the "far" collision point; and (II) those with a central reflection symmetry about a single point -the intersection of the equator and the aforementioned zeroth meridian. Similarly, one may divide the orbits according to algebraic exchange symmetries of (conjugacy classes of) their free group elements: (A) with free group elements that are symmetric under a ↔ A and b ↔ B, (B) with free group 
, respectively, T is the period. The other two particles' initial conditions are specified by these two parameters, as follows, x1(0) = −x2(0) = −1, x3(0) = 0, y1(0) = y2(0) = y3(0) = 0,ẋ2(0) =ẋ1(0),ẋ3(0) = −2ẋ1(0),ẏ2(0) =ẏ1(0), y3(0) = −2ẏ1(0). The Newton's gravity coupling constant G is taken as G = 1 and equal masses as m1,2,3 = 1. All solutions have "inversion partners" (mirror images) in all four quadrants, i.e. ifẋ1(0),ẏ1(0) is a solution, so are ±ẋ1(0), ±ẏ1(0). Some of these partners are exactly identical to the originals, others are identical up to time reversal, and yet others are related to the originals by a reflection; we consider all of them to be physically equivalent to the originals. Note that two pairs of initial conditions in the same quadrant (II.C.2a and II.C.2b; and II.C.3a and II.C.3b) specify only two independent solutions; see the text for explanation.
Class, number and nameẋ1 (0) elements symmetric under a ↔ b and A ↔ B, and (C) with free group elements that are not symmetric under either of the two symmetries (A) or (B). We have observed empirically that, for all presently known orbits, the algebraic symmetry class (A) always corresponds to the geometric class (I), and that the algebraic class (C) always corresponds to the geometric class (II), whereas the algebraic class (B) may fall into either of the two geometric classes. The first examples, to our knowledge, of higher topology trajectories on the shape-space sphere are the two (new) zero-angular-momentum periodic solutions reported in Ref. [23] , albeit in a different (the so-called Y-string) potential. Here we show only the new orbits in Newtonian gravity.
(I.A) As new members of this class, we present three orbits in Table I : butterflies I & II and the bumblebee. We show the butterfly I in Fig. 1(b) . The butterfly's free group element is (ab) 2 (AB) 2 . Note its close relation to the figure-8 orbit's free group element (ab)(AB) -both orbits belong to this class. We have found two distinct butterfly orbits with the same topology (see Table I ) but with different periods and sizes of trajectories, both on the shape sphere and in real space, see Ref. [18] . This kind of multiplicity of solutions is not the first one of its kind: there are two (very similar in appearance, yet distinct) kinds of figure-8, [14] .
(I.B) An example of this class of solutions is the moth I orbit, shown in Fig. 1(c) . We have found a number of other solutions that belong to this class of solutions with visibly different geometrical patterns on the shape sphere and different free group elements; see Table I and Ref. [18] .
(II.B) An example of this class of solutions with algebraic symmetry (B), but with only a central geometric symmetry, is the yarn orbit (II.B.1), shown in Fig. 1(d) .
(II.C) An example of this class without algebraic symmetries is the simplest zero-angular-momentum yin-yang I orbit (II.C.2), shown in Fig. 1(e) . There are two different sets of initial conditions (see Table I ) that lead to the same yin-yang orbit in shape space, due to the fact that this trajectory crosses the initial configuration on the shape-space sphere twice in one period, albeit with different velocities. Therefore the two sets of initial conditions have different energies, so that their periods are different, yet both correspond to the same orbit, modulo rescaling of the space and time, see Ref. [7] . We have found four sets of initial conditions (see Table I ) corresponding to two distinct (i.e. having different free group elements) solutions that belong to this (yin-yang) general class. All yin-yang orbits seem to emerge from a single quasi-one-dimensional periodic orbit with collisions [18] , very much like the Broucke-Henon-Hadjidemetriou ones emerge from the Schubart (colliding) orbit [24] .
In conclusion, we have shown 13 new, distinct equal mass, zero-angular-momentum, planar collision-less periodic three-body orbits that can be classified in three new (and one old) classes. If the figure-8 orbit and its family can be used as a benchmark, then we expect each of the new orbits to define a family of periodic solutions with nonzero angular momentum. We expect our solutions to be either stable or marginally unstable, as otherwise they probably would not have been found by the present method.
No three objects with equal masses and zero angular momentum, have been found by observational astronomers, as yet, so our solutions cannot be directly compared with observed data [25] . Most of the threebody systems identified in observations thus far belong either to the (Euler-)Lagrange class, or to the quasiKeplerian Broucke-Hadjidemetriou-Henon class of solutions.
Besides obvious questions, such as the study of stability, and the search for the associated nonzero-angularmomentum solutions, there are other directions for future research, such as the nonequal mass solutions [27] , the general-relativistic extensions of these orbits Ref. [28] , as well as the gravitational wave patterns that they generate [29, 30] .
Having searched in only one two-dimensional section of the full four-dimensional space of initial conditions, we expect other types of orbits to appear, [single members of which have already been seen e.g. the goggles and the dragonfly orbits, in Ref. [18] ], in different sections of the full space of initial conditions. Last, but not least, new numerical solutions in the Newtonian potential may lead to new analytical solutions, for example of the kind found in Ref. [31] after the numerical discovery of the figure-8 orbit, albeit in the −1/r 2 potential. Thus, our work may shed further light on the three-body problem.
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